Generalized Linear Targeting and Guidance

This memo describes the mathematical background and practical implementation of an explicit
generalized linear targeting and guidance (GLTG) algorithm. The GLTG algorithm uses a
combination of modern control theory and linear mathematical techniques to formulate and solve a
variety of orbital transfer problems. The targeting and guidance solutions are formulated using
generalized mission constraints which relate the classical orbital elements to the state vector predicted
by the GLTG scheme. In the closed-loop guidance mode, this iterative algorithm resolves the orbital
boundary value problem during the actual finite-burn maneuvers. A key assumption for this
algorithm is that each propulsive maneuver is treated as a single impulsive delta-velocity during
targeting and as a series of fixed-attitude, finite-burn maneuvers during closed-loop guidance.

The robustness and computational speed of the generalized linear scheme make it ideal for on-board
targeting and guidance flight software. The proper combination of numerical methods makes it
possible to carry a three-degree-of-freedom (3 DOF) simulation on-board and solve the trajectory
targeting and guidance problems as the vehicle performs the mission.
In the following discussion, bold letters and symbols indicate vectors and matrices.
Equations of motion
The first-order, nonlinear equations of orbital motion are given by

x=f(x,1)
where x is the state vector and A is the control vector.

The inertial, Cartesian equations of motion of a spacecraft subject to gravitational and thrust forces

can be written as
. r B \Y
vt g+a(t)u;

where r is the position vector, v the velocity vector, g is the acceleration due to gravity, a(t) is the
magnitude of the thrust acceleration and u, is the unit thrust vector given by

cosa cos fB
u; =| sinacosf

sin g
In this equation, « is the in-plane steering angle and £ is the out-of-plane steering angle.

The control variables used to solve the trajectory problem consist of the impulse time and three
components of each delta-v maneuver. The steering angles provided to the control system are
determined from the components of the delta-v vector.
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The inertial components of a J, — perturbed Earth gravity model are as follows;

where

r.,1,, 1, = inertial position vector components of the spacecraft

r=/r; +r; +r’ = geocentric distance of the spacecraft
4 = gravitational constant of the Earth

I, = equatorial radius of the Earth
J, = oblateness gravity coefficient for the Earth

However, the equations of motion used to predict the spacecraft trajectory can include a higher order
gravity model as well as other perturbations such as aerodynamic drag, solar radiation pressure, third-

body effects and so forth.

Linearization

The equations of motion can be linearized about a reference trajectory according to

5x=F(t)5x+G(t)§l

where
Fe X &
Ox Oh
Furthermore,
ox |F' 0
and
og I rr’
F’ =—=—l—+ 3 R
Ox H re H re

where F' is the variation of the gravity vector due to position and can be formulated by ignoring
second order terms in the gravity vector. I is the 3 by 3 identity matrix.
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Note that the F and G partial derivative matrices are functions of time and are evaluated on the
reference trajectory.

The solution to the linearized system of equations is given by
5x(t) =@(t,t))5x(t,)+ T, (t,t,) oA
where @ is the two-body state transition matrix and I', is the control matrix which satisfies
I =FI' +G

and I, (to) =0. Note that the use of velocity impulses in the GLTG algorithm permits a closed-form
solution for the I', matrix.

The state transition matrix @ consists of the 36 partial derivatives of the final state vector defined by
the six components x, Y, z, X,y and z with respect to the six components of the initial state vector

defined by X,, Yy, 2y, %y, ¥, and z,. This matrix can be written as

D (t,1,) =[CD” CD”}

(D21 (DZZ
where
5 oxlox, oxloy, oOxloz,
r
q)n:{_}: oylox, oyloy, oylaz,
ozlox, ozloy, ozloz,

L 1

oxlox, oxloy, oOxloz,

%{i} oy1o%, oyloy, oylat,
ozlox, ozloy, ozld1,

- oxlox, oxloy, oxloz,
@21{1} oylox, oyley, oyldz,
otlox, otloy, oiloz,

oxlox, oxlay, oxldL,

%{%}: oylox, oylay, oyla,
°4 lozlex, oiloy, oiloz,

I [y St [y

The state transition matrix satisfies

%(D(t,to):F(t)d)(t,to)

and ®(t,t))=1I.
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Since a velocity impulse Av is a discontinuity in velocity only, the state vector immediately
following an impulse time t, is simply
r
x(t )=
( ! ) {V+AV:|

and the partial derivatives of the state vector with respect to this impulse are
ox |0
OoAv |1

The partial derivatives of the state vector with respect to the impulse time are found from the first
order variation according to

Sx o J- t,+ot, |:V:| dt _J- t,+ot, |:V+AVj| di— |:—AV§t| }
t g t g 0

Therefore, for the i" delta-v and impulse time

Generalized mission constraint equations

Define the mission constraint vector y at the final time t_ to be

y= f(xF)sz :{Vxll;)/(;—f'L

Linearizing the constraint vector produces
oy = Hox
where H is the constraint partial derivative matrix given by

oY
0x

The equations for the elements of this matrix can be found in Appendix A.
The solution to the linearized constraint vector can be written as

oy =Hox, = H®Sx, + HI' oA
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We can define a fundamental constraint-control matrix as

I'=HTI

The relationship between the mission constraints and control variables is

oy =T'oA
with
0x,=0

The condition that ox, is zero implies that a reference trajectory can be created at each targeting or
guidance update. The I', matrix is propagated during coast arcs using the state transition matrix.

Updated control variables
The control variable vector at successive targeting or guidance updates can be determined from

Ay =M + 6L
where
Sh=T"5y

The linear system defined by this last equation is solved using the Householder Orthogonal
Decomposition method. A key characteristic of this numerical method is that it can be used to solve
overdetermined, exact or underdetermined linear systems which may be encountered during different
flight phases of a complex space mission.

Mission constraints and classical orbital elements

The following table illustrates the relationship between classical orbital elements and the
corresponding mission constraint subsets. In this table, a is semimajor axis, e is orbital eccentricity, i
is orbital inclination, @ is argument of periapsis, and Q is the right ascension of the ascending node
(RAAN).

Table 1. Orbital Elements and Mission Constraint Subsets

orbital constraint subset
element h,r,y h,r,y h,h,,r,y h,h,,C, h,h,,C,,e, h,C, h,e
a constrained | constrained | constrained | constrained | constrained constrained constrained
e =0 =0 =0 >0 >0 >0 >0
i =0 #0 #0 #0 #0 constrained constrained
0] undefined undefined undefined free constrained free constrained
Q undefined constrained free free free constrained* | constrained*

“undefined if i =0

page 5




where
h = angular momentum vector

e = orbital eccentricity vector

r = geocentric radius

y = flight path angle
C, = specific orbital energy

h = angular momentum magnitude
h, = z-component of angular momentum vector
e, = z-component of eccentricity vector

This next table illustrates example constraint subsets for each classical orbital element. Constraints
for special cases such as circular or equatorial orbits are also noted.

Table 2. Example Mission Constraints

constraint elements equivalent constraint
C, orr and v (circular orbit) a
h and C, or r,v and y (circular orbit) e

handh, orh (i =0) i

h,h

1 iz

e, and C, @

h,and h, Q

Targeting to an Outgoing Hyperbola

For lunar and interplanetary missions, the “target specs” are usually specified by the specific orbital
energy C,, and the right ascension (RLA) and declination (DLA) of the outgoing asymptote of the

launch or departure hyperbola. This section describes the computation of an “energy-scaled” mission
constraint useful for these types of missions.

A unit vector in the direction of the departure asymptote is given by

C0SJ, COSax,,
§=1<c0s0, sina,
sing,

where
= right ascension of departure asymptote

aoo
o, = declination of departure asymptote
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The specific orbital energy is computed from the following expression

The outgoing unit asymptote vector is given by

$= 1h2{(\/€3]hxee}— ! {[@Jhxee}
1+C,— H 1+C35 H

U

Finally, the targeting or constraint vector consists of the “energy-scaled” unit asymptote vector given
by

s=C;s

which is usually evaluated at the end of the final finite-burn orbit transfer maneuver or perhaps at a
trajectory interface point (TIP) some time after final stage burnout.

Calculating the mission constraints

This section summarizes the equations used to compute the complete set of mission constraint
components from the inertial state vector. In the equations that follow, a “hat” symbol indicates a
unit vector.

The angular momentum vector is normal to the orbit plane and is given by the following right-handed
cross product

h=rxv

The unit angular momentum vector is given by

The angular momentum magnitude can be computed from

h=[rxv|=hZ+h?+h? = ua(l-e?)

The inertial flight path angle can be determined from

rev

y= sinl[ v J =sin" (r+V)

Flight path angle is positive above the local horizon and negative below. The sine of the flight path
angle is often used as a mission constraint.
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Twice the specific (per unit mass) orbital energy can be determined from

e:V;h-r:%{@ﬂ_f)r_@“qv}

Calculating the classical orbital elements

This section describes the equations used to compute the classical angular or orientation orbital
elements from the state vector. In the equations to follow, the correct quadrant for each angular
orbital element can be determined from the corresponding sine and cosine equations using a four
quadrant inverse tangent evaluation.

The semimajor axis can be determined from the following equation:

2

r uh ur 7,

a:2—rv2/,u:_{(elu)2_ﬂ2} (Zy—rvz) C_3

The sine and cosine of orbital inclination can be determined from the following two expressions:

A A

sini=|kxh

A

COSi Chek=le i
h

z

where k is a geocentric unit vector in the direction of the planet’s spin axis and is given by [00 1]T .

An orbital inclination constraint can be enforced using the z-component and magnitude of the angular
momentum vector according to the second equation.

A unit vector in the direction of the ascending node is given by the following cross product
n=kxh
The sine and cosine of the right ascension of the ascending node (RAAN) can be determined from
sinQ = (fx ﬁ)of(

cosQ =nxi
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where i isa geocentric unit vector in the direction of the x-axis of the planet-centered-inertial (PCI)
coordinate system and is given by [1 0 0]T . A RAAN constraint can be enforced using the x and y

components of the angular momentum vector according to Q =tan(h,,—h, ).

The sine and cosine of the argument of periapsis for elliptical and hyperbolic orbits can be
determined from the next two expressions

sinw = (ﬁxé)-ﬁ
COS@ = heé
Finally, an expression for the scalar orbital eccentricity in terms of specific orbital energy and angular

momentum is given by
hy/C, + 1* /h?

Y7

and the eccentricity vector which points in the direction of perigee is

_V><h ~

e -r
Y7,

Applications
The GLTG algorithm has been used to solve the following orbital transfer problems;

(1) Fixed one and two impulse orbital transfer

For this type of problem, the delta-v components and the impulse times are the control variables.
However, the scalar magnitude of each delta-v is fixed.

(2) Minimum one and two impulse orbital transfer

The minimum impulse orbital transfer problems are solved by wrapping an unconstrained
minimization routine around the GLTG algorithm. As in the previous example, the delta-v
components and the impulse times are the control variables. For the “outside” or minimization loop,
the optimization control variables are the impulse times and the objective function is the scalar
magnitude of the impulsive maneuver(s).

(3) One and two impulse Lambert trajectories

For the Lambert applications, the impulse times are fixed and the mission constraints consist of the
three components of the final position (one impulse) and velocity vector (two impulse).

(4) Single impulse deorbit maneuver

The mission constraints for this problem are the inertial flight path angle and geodetic altitude at the
entry interface (El). The delta-v components and the time of the deorbit impulse are the control
variables.
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Appendix A

Elements of the H Matrix

This appendix summarizes the elements of the H matrix which represent the partial derivatives of the
mission orbit constraint vector y with respect to the state vector x.

position vector

@z[rT/r 0]

ox

velocity vector
ov
a_x = [0 VT /V:'

angular momentum vector

Z—::[va er]

angular momentum magnitude

oh

g=[hT (Ixv)/h b (rx1)/h]

eccentricity vector

%:[(Vz/ﬂ—l/r)l+l’rT/r3—VVT//J 2rvT/y—(V-r)I/,u—Vl’T/ﬂ]

specific orbital energy

%z [Z,urT /ré 2VT}

sine of flight path angle

%:[QT(I/r—rrT/VS) F(Iv=vvT )

scaled unit asymptote vector

@ — C3@+§%
Ox 15). 15).

N (6h j ( 8ej C,oe [ 3 ac, 2( 6e) _ 1 4c,
=—0r3| —xe |[+| hx— |} ———+ -—|e S+— e
ue |\ ox ox e ox |2C, ox e 0x 2e° 0Ox
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